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A1.)straci

‘J’llc gcllcral ],lol,lcl])  of  s a t e l l i t e  aiid  ],al(iclc dyl,alllics  al]out  a ul,ifoltl}ly  rotatil, g tli-axial  elli]woid
with co] Ista  IIl dcllsity  is for]lluliitcd. ‘1’hc study of tl, is ])ml)lcIII  calI shed light 011 tllc dylla)llics  of  ],articlcs
and  sat(,llitcs  Wlicli oll)itillg irregularly slIa])cd  I)odic,s sllcl  I a< astcfo ids.  ‘1’llc  ]Jllysical  sl)ccificatioll o f  all
a~(, croid  II IO CICIU1  as a tri- axial  cllij),soi{l call  I)c rcduccd to ttvo  ~loll-clitllcllsi(]lla I sha],c  ]mralllctcls  (tl, c
Cxcctltlicitics  of  tlic tri-axial clli]]soid)  slid ollc  I[c)ll-clil[lcllsiollal  Ikrralllctcr  w h i c h  i s  a fuliction  of  tllc I)ody
d e n s i t y ,  slIti]w  aud rotatio]l rate. All thcw ]MIa II Ictms IIIay  k lIIcasu  Icd 01 in fc]lcd  fro]ll  g r o u n d - b a d
ol,sc]vatiolls. Usill~  tl, cw t h r e e  ],alal,, ctcls,  tlic lotatil,x  (lli],soi(l  IIlay I,c clirssificd  il,to ‘J’y],c  1  01 ‘1’yl)c  11
clli])soids  dc]wllding  011 wl[cthcr  0]  IIot al l  syllcllrollous  olljits almut  t h e  b o d y  arc utlstablc. ‘J’his
(lassificati(]ll  of  tllc clli]] soid  IIas sigllifi(allt  (OIIS(,(](I(II([,S fof llIC (lyIlirllli(s  o f  I,odics ill orl,its wrllicll alc

]l(ar-sy]l(ll]r)]lo~ls  with tllc asteroid m(atio]l.  Astcloids  classified as ‘J’yl)c 1 IIaw stable Illotiou awociatrxl
with ]Ica]-syJic}Ir  cJt IcJIIs  orl]its.  Ast~roids  classifid as ‘1’yl)c II }Iavt  uIIslal  I]c ]Ilotio]l  a s s o c i a t e d  with

Il(,ar-syllcllr(]ll{){ls  olbits.  }“alllilics o f  ]Ilallal  }wriodic  orl)i(s arc (C]III])UICX1  fo] t}vo s])(cific  clli])soi(ls  I)ad
(Ill 1 IIc astcloicls  \~cs{a a]id I,; ]os. ‘1’11[  stal,ility of  tllcst falllilics alt col!l])utcc]  And r e l a t e d  to 1})[ ty],c
classification of the clli]woid. Notes arc also  IIladc  otl tllc cxistcllcc  of  stat)lc  and unstal,lc ],criodic  o r b i t s
al]out tll( astcloid ]cla, Analytic a]]l)rc)xi]]lati[,lts  arc also  il(trodllc(,d Il]ld(,r  SOIIIC assulll])tiolls,  ]caditl~  to a
silll])lificd  dcscri]]t,  ion o f  olllit,  s al)out a ti i-axial  clli]jso  id.  l,’ill ally,  a tal)lc o f  ])alal[lctcrs and c]awificatiolls

fo,  a fciv klIowl,  a s t e r o i d s  and coli,cts alc g,ivcl,.

3 Introduction

I I I  iilvmtigati]lg ]Jarticlc  a]ld s a t e l l i t e  orl)its ZIIIOU1 irrcgul:ir]y slIa])d sIJIall SolfiI SyskIII I]odics
SIICII  as ast,croi(]s aII(l  C(IIIICIS,  (, IICIC arc a  v a r i e t y  of force  ]Iert.lirl):itic)lls  wllicll IIlust l)e accolllltcd

for. ‘1’IIcw itlcludc tlIc solar tide, solar radiatio)l ]) ICSSIIIC, co] IIct outgassil]g  alId ])crtrlrl)atic)]]s duc

to gravitatio]lal  Ilar]llo]lics. SOlar tide ])crtllrl)fitio]ls do]]li]late WIICII fairly far fro]]] tl]c l)ody (S C C

lla]t]illo]t aIId llurIls, 1 9 9 1 ) .  Radiatio], ], ICXSIIW  forces gcIIcrally  cause sIIIall  ]]articlcs  to crash 011

tllc askroid sllrfacc,  yd ]IIay ]Iot  afl’cct  l a r g e r  ])articlm  o r  a r t i f i c i a l  szrtcllitcs  to tlic sal IIc dcgrcc

(SCC IIal]]il(o]]  arid l\l]rlIs, 1992). \l’lIc]I  close  to tllc l)ocly  tllc gravitn(iollal IIar]]]o]lics aIId, ill  lIIC

case o f  co]llcts t,ltc outgassillg })rcssurc,[Iollllllah  tllc O]l)ltal [Iyllallllcs, ‘1’llis ])a])cr  co]lcc]l(rat,cs  011

lllc dkcls  of  tllc ]Ioll-sl)llcrical  slIa]Jc  of tl)c a s t e r o i d  o] I orl)its wl[ic}l  arc c l o s e  to tlIe l)ody,

‘J’rtiditic~]lal  sludics o f  satcllilc’  ]Ilotio]i utldcr p,ravi(atiotlal  ]~crlllrl)atio]ls lIave usua]ly

focl]scd 0 1 1  tllc j)lnllctary  c a s e  WIICN tl]cw cfl’ccts  arc r e l a t i v e l y  sIt Ian colll])ard to tllc attrac(io]l  of

tllc cc]llral l)ody, WIICII  orl)it,illg a sIIIall, ]Io]]-sl)llcroid I)ody tllcsc cltissic-al  a] Ialyscs  IIIay 110 loIIg,cr

a])]~ly,  dllc to tllc rdativcly large ])crturl)atio)ls  scc]l  I)y orl)itcrs. III stuclyi]lg  orl)itcr  dy]la]llics

al)out sIIIall I]odies it is  so][lcti]l]c+  co~lvc]lictlt to l e a v e  tllc p;rfivitiltio]!al IIarl[lorlics  fc]r]llulatio]l
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aside a]ld cotlcc]lt, rat,c 0]) s])ecific  ]IIass  distril)uiiol]s w,llic]l lIavc  closed for]]]  solutions for tllcir

gravitatiolla] ])otc]ltials.  ‘1’llis  a l l o w s  tlIc a]lalysl 10 s]~ccify  tlic ]Ilajor sII.3])c ])crturl)aiiolls o f  tfIc

crl Itral l)o{]y  ill closed  forlll, ratl  Icr tliall  IIavillg t o  sl)ccify tlIc ]tIa TIy cc)cflicicllts  ]Iccdcd  ill a

IIar]llol]ic  cxj)allsic~]l  of (IIC g r a v i t y  f i e l d .  So]llc st[]dics  llavc (akr]t advantage  of this  a])])roacll

(lk,l~rovolskis  a,,d ]Iur,,s, 198(1;  (Jcrtllal,  aIId  I’ricdla]ldcr, 1991; (;tlallvi]lcau  et a l . ,  1993). III

I)ol)rovolskis aTId IIur]ls,  1980,  (lIc attrac(<ioll  o f  a tri-axial clli]mid  is  used ill co]ljutlclioll  wit])  a

tIlllIIl)cr  of  otf[cr  large  ])crtrlrl)atiolls  (o stlldy e.jccta ill tlIr sl)ccial  case of  l’l Iol~os  aIId  I)odiw i))
si]llilar  sitrlatio]ls. III (jc-rlllatl alId l{’ricxlla]ldrr, 1  { ) 9 1 ,  soltlr sitll]]le slla])m  (tri-axial  clli]m)ids,

d,]al-s],l,crxs) am u s e d  to gc]Icratr cocflicic],ts  i], a gravitatio]lal  field rx],a],sio], al,d (lie slIort tcr,,,

dyllalllics  al)oIIt  SIICII l)odim  are  i,l IcII itlv(>stigatcd.  II I  (ttlauvillcau  cl a l . , ]f)()~,  t,fl~ clos~~] for,,,

gravitati(,l,al l]otcl,(ial of tlIc tri-axial clli]wid is uscx I t o  scarcll for c]lfiotic  orl)its al)ou( a sl~ccific

cllil]soid  wit])  a lluitll~cr  c~f difl”cwllt  rotatiol]  r a t e s . \l’l Icrc c(jl[l])aral)lc,  agICCIIICIIt  exists  I)ctwccll
tllcir study  aIId tf)c curmlt study.

SUCIL aII aj)l)roacll  11.3s a l s o  I)CC]I  USA itl tllc sllldy o f  galac.lic  dylla]]lics (dc ZWUW a]ld

N!crritt,  1983,  Martitlct,  aIId dc kww, 198S, M e r r i l l  fiIId dc Zccuw,  1983, hlulder aIId  IIooilllrycr,

1984). (~c])crally, sucl) s t u d i e s  usc ])otc)ltials  wi(ll ]Io]l-co]lsta]it  dc]lsity  distril~ulio])s and

co]lcc]ltrate  o]] tlflc dy]la]llic.s  o f  ])articlcs  willlill tlic ]Iolc]ltial.  hTo]]ctflclcss,  tllcrc arc ])arallcls

I)etwcc]]  tllc study of  dy]la]l]ics  o u t s i d e  of and illsidc of  ]]otctltials,  altfioug,lt tlic ],araltlctcr  s],accs

I,ctwcw]]  tllc study  of g a l a c t i c  dy]lalllics  .aIld s]))all  I)o(ly orl)itcrs  tc]ld t o  difkr, o f  s])ccific illtcrcst

ill tllcsc  s t u d i e s  arc tllc cxistcllcc  of stal~lc ]]criodic  orl]ik  wilflill tllc ])otclltial, as tllc cxistcllce  o f
SIICII orl)its il]dicatc ])ossil)lc  ]Jatfls stars IIIay follow.

SIIould  alI  actr]al  slla])c o f  all a s t e r o i d  IIC II IraSIIICd  (11 IIdsoII  aIId  oslro,  1994), it is ],ossil)]c
lo d e r i v e  a IIarttlo]lic  ex{)a]lsio]l  of tllc gravity field, assutllitlg  a cor  IstalIt dmlsity.  ‘1’1111s  a c l o s e d

forlt)  ])otclllidl  IIIay be v i e w e d  as al] ideal  izatio)l ,  lyi]lg I)ctwcc]l  sitll]~lc  s})llcrical  ]tIodcls  and aclua]

llartl]o][ic  Cx])allsio]ts. ‘J’llc tri-axial  clli]mid  ]I]odcl  i s  sigtlificallt, IIOWCVCI)  as it illcorl)oratcs tlIc

ef fect  of  tflc  ]tlajor  slIa])c variatio]ts aIId  c.311  Ilc  s])ccificd Ijascd  or I c~]]tical  olmrvatiolls  aloIIc,
‘1’llis ])a]~cr  ])rescllts  a gcl Icral  forllllllatioll o f  orl,itrrs al,oul utlifor]llly rotatirlg tri-axial

clli]jsoids. It i s  sre]l tflat tflc ])llysical ]Iroltlclt] ]tlay I)c sl)wifiul I)y tflrcc ]Ic]]l-clittlc]lsic)llal
])ara]]lctcrs  lvl]icll ]IIay al]  I)c ]IIcasIlrcd (I1 i]lf[rrcd frolil groll[lcl-})asc(l  ol)scrk,atio]]s, l,is(s c)f t, fIcsc

])arattlctcrs arc g,ivcil  i]) t,f[c a})])clldix  f o r  s e v e r a l  a s t e r o i d s .  ‘I’l Ict L tllc dyllalllics  of llcar-syllclirc)llc)~ls

orl)itls  al)out,  a .gCllcral  clli]jsoid  arc studid. It i s  sect I t h a t  tllcrc  arc two c]asscs  o f  rola{i]lg,

clli]moids,  o]]c  h a s  2 u]lstal)]c syl Ic.l IrO]Iolls  [,rl)its and 2 slaljlc sytlcllrm]lous orl)its (tllc ])lallcts f a l l

il]to (Illis tyl)c ill gc]lcral).  ‘J’l Ic otlicr c l a s s  oIIly lIas II]lstal]lr sy]lcllro]lous  orl)its,  Ivllicll  is  a
dc})ar(rlre  fro]])  tflc  IIsual  s i t u a t i o n  ii] so]nr syste]ll I)odics atId o c c u r s  for a s t e r o i d s  wllicll te]ld to I)c

lll(lrc distorted,  less ltlassivc  c]r wllic.11 s])ill fastcI. ‘1’llis class of clli]woids  lIavc  a strc]llg i]lstal)ility
ass(~ciatcd  witfl  llcar-syllcllrc~)lolls  orl)ils. It is illtcrmtitl. g to IIotc  that tf]c a s t e r o i d s  lh-os alId  lda
IIIay IIC c l a s s i f i e d  as SUCII  all elli]woid.  N e x t ,  falllilics  of  ditcct  atId mt,rogradc ])lallnr ])eriodic  orl)its

a r c  Colll])lltrd al]out clli]w) ids l~ascd  oll  tllc a s t e r o i d s  I;ros  aIId \Jcst, a, ‘1’IICSC  ast, croids  arc o f

di(l”crctlt  ty]~c, as discussed al)ovc,  aIId  tflr cvolutio)l of ]~criodic orllit fall) ilics al)c)ut tflcttl  are
di(ltrctlt. N o t e s  CIII I)criodic  orl]it,s al)out  tllc zistcroid Ida arc aIs(J  givc]l. l’il]ally, sotlle analytic

a])])r~)~illlati~)lls  arc illtro(l~lc~d  ~llicll Cxl)laill  solII(’ of tlI( olmrvd  IIlotioll in tcr]lls o f  avcragd
osclllat,  i]lg clclt  Ie]Ils.

2 Mode,] Specification and Jlmivat,ion

‘J’llc tri-axial  clli]w)id  Itlodc] of  a st[lall l)ocly  is s],ecificd O] ICC t]lc s i z e ,  s]I:I])c, dmlsity  and wtatior[

rate of tllc stllall  I)ody  is give]).  \~arious  tcclll[iquw for sire, slla])c  aIId  rotatiol)  rate (Icterltlil[aticj)l
fmlll ground  I,asd olmrvatiol)s  arc dcscril)cd  i]) hiagIIIIssoII  ct a l . , 1989.  III dc])tll  cxl)laIlatic~lls  o f

tllcsc and otflcr tecll]]iqucs cnll  I)c fou]ld ill  Asfcwids  1 1 ,  1989,  Scctioil  I I .  IIt}],rc,i’clllcllts  to tllc
tri-axial clli]woid  slIapc  arc a l s o  ])ossil)lc (os(ro et a l . ,  1990, ]Iudso]l  aTId ostro, 1994)  I)ut arc ]Iot
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]Io(c]Itial of aII cllijwc)id at, a ]joillt i, j, 2 cxkrior  to (Ilc l)ody i s :

(r))

(6)

WIICIC % ~IId  A  arc ddi]lcd  as ]Jefc)rc. ‘1’llc]j:lra]llrtrrA  isafullctio]l  ofi,jj,j  arid isso]vcd for
illl]jlicitly frc~]tl  Cquat,ic)ll (6) zrl  Id dcfi IIcs t,l Ic clli]moid  ])assillg  t,l Irougl I tlIc ]Ioillt  i,ij, j w,llicli  i s

collfocal  to tllc I)ody)s clli]moid.  l’k]uatioll (6) i s  R cul)ic  quatioll  ill  A al}d  lias a ulliqllc ]]cwitivc

root A wllcllcvcr

(l\l]rl,j,j, jlics{}, ][sicletl]c elli]Jsc,icl))l)ast  l)crcjcJtA: O\vl,c)I~,(~,j,j;())= O(\\],cl,j,j,j]i[c,l,

tllcclli],s(,i[  lstlrfacc), all(lisl lot IICCKICK1 illlllci llt(ri(,rc,f  tllcclli ],s(,i(l(\$llcll %(j, j,i; O) <O).

‘1’lIIIs tllc l)ot,c]ltial  drfi  IId I)y cqtlaliotls (~) aIId  (6) i s  validfor  tllccxlcrior  a]ld il)trrioroftllr

clli]moid  as loIIg  as A ; O  wl)cllcvcr  ill tlIc itllcrior  o f  tile f.-orlstallt  dc]lsity  clli])soid.
‘1’0 g,ivc t]Ic  [Iiscllssiol)  clarity and gcllcrality,  it i s  IIsef{ll  to IIorlt[aliz,etllc  varial)lcs v i a  a ti]l]r

and ]ctlgtfl scale. lhlotc (lIC scale tiltlc to IJC l/u aIId  (IIC 11(~11-(]illlcllsiolial  Li]tlc as T:

(;l Ioose tllc lar.gcsl sc]tli-axisof  tllc clli]moid, 0, to I)( tllc lrIIg(lI SCRIC  aIId  lIIC ]Ic]ll-clil[lcllsic)llal
s])acc, varial)]es  to I)c $, y arid 2 wllcrc

2 . 3  }’kjuatic)ns  of Mol,i  o])

‘J’llc  difl’crc]ltial  Cc]l]atic)]]sg c]vcrtlitlgt  llc]l]cltic)]l ofa ])oitll  ]Ilassi]l a rc,t,atillg  cc)[)r(lillat,cfrar]]cis
giv(l, :is(Witlttla,  1947,  (J1,aJ,tcr I l l ) :

w,llcrc tile ]Ioklltial (1 is dcfi  IIcd a s :

(17)

‘1’IIc ])aratllrlcr A > oissolvcd  for frolll qi(~,!y,z;~):  ()~vllc)lcvcr @(o, !/,z; O)> 0, else ,X = ( ) .  A l s o ,

tl)r illcqualitic-s  1  ~ /?~ -y arc assu]tlcd to IIold.  ‘J’l]c  IIotatio]l UT dcrlotcs tlIe ])artial  dcrivativcof
tlIr I)ok]ltial  (1 willl rcs],  cc.t to tllc varial)lc  T, N o t e  t]lat tlIcsc c(ltlatic,llsart.gi~,cll  ill a rot~tillg
coorditlatc fralllc,  wllicll lIas arI allguldr ralc o f  unity ill tllc llorlllaliwd  sys(ct II of urlits  adol)td,
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WIICIC t,l Ic }Jara]IIctcr  [~ is tllc Jacwl)i  constant  of  tlIc systcIt  I, ~’ is tlIc Iiillctic  cIIcrgy  ofthc  satellite

ill tllc rolatitlp, ccmrclillalc  fralt[c alId  11 i s  dcfi]lcd  ill cquatio)l  1;+. (;ivc]l  a scl of i]lit, ia] colldit, iollsj

tlIc val IIc of tlIe IcsLIltaII(,  coIIslaIIt  is coIIscrvcd  during all ]Icric, ds of II]otioll. Note that tlIc coIIsiaIIi
i s  collscrvcxl PVC])  if the  ])articlc trajcct,ory  itlt,crsccts tllc clli}m)id ill tllc c.oursc  of  its IIlot,ioll.

3.1 Zero-Vclocitly Surfaces

A l]ricf  dcscri],tioll  of tlIe mwvc]ocity  surfaces aIId  tllcir  illtcr]~rctatic,ll  is give]).  ‘1’llis discussio]l

IIas lIIalIy silllilaritics to tlIc stalidard  discmssio)l  of tile zcrovc]ocity surfaces  ill tlIc r e s t r i c t e d
tllrec-l]ody  ]~IolJlcIII  (MoIIlkIII, 1914, (;lla],tcr V]]]). Not,c  that, I)y dcfitlit,io]l,  (1 > (). ‘I’l Ius if

C; < 0 ,  tlIclI 7 ’ > 0  alId tllc satcllilc calI Ilrvcr  col IIc to r e s t  ill tlIc rotatlillg  fral IIc. lhrthcr,  l}IetI

tllcrc arc  lIo a priori  l)c)IIIIds  0 1 1  wllcre  tllc ]]arliclc  IIIfiy IIOl trawl.
(;ollvcrscly,  s]lould  C: >  0 ,  tlIr II tllcrc i s  tlIc l~ossil)ili{y  that 7’ z O otI solllc surface  ill T,?/, 2

S]J?ICC,  Calld a surface of Zcrmv(:loc.  i(, y. ‘I’l Icsc surfaces fire illl]lortalll  as tllcy ])artitioll tllc s])aw

ilito rcgiolls  of allowal)]c  (7’  > ()) aIId  uIIallowal)lc  (7’  < O) IIlc)tioll.  of s])ccial  illtcrcsl  arc aIIy
s u r f a c e s  w]lic]l  ,g,Ilarallkc  t,llat,  lIIC ])articlc is tral)])cd  ill lIIC vici]li{y  of tllc clli]~soid or is lIoul Idd

away  frcjlll  lIIC cllilwoid.
A s  i s  tlIc usual  ])roccdurc  ill SIIC.11 aIIalysw,  first co]lsidcr  tlIc zcrc)-vc]ocity  surfiacc  WIIICII

I; >0 alId  tlIclI d iscuss tlIc clIaIIgcs  ill tlic.w  surfaws as C: decrcascs lowards O. Sc{litlg  7’: 0, tllc
cquat, ion to so]vc to fiIId lIIC zero velocity surfacm  is:

(28)

ltccall that l~(x, $ 1 , 2 )  <0. ‘J’l,c]l Ilotc tltal l~(~,!y, 2)  ~ l“((), O, O),  tlIus if ~~ -1 15 V(O,O,  ()) > 0 ,
tlIerc is olIly olIc  solutic)ll 10 t h i s  C(jllatioll, a  ]~crturl)cd cylitldcr c)f radius

v= <2C-I  fi}(rl~ylz)  < u?2C. A s  C - ~ m, o r  a s  z - ~ d cm, tlICII r - ~ <2[~. Motiot]  is allc,wal)lc
ollkidc of this  cylilldrr oI]ly. A s  C; dccwascs  this  cylilldcr  II IOVCS  itlward.

\J~lIctI  (~ = - ICIV(O,  O, O) allotllcr  zcr(, vclocit,y  s u r f a c e  I)iflircalcs at, lIIC cclttcr  of tllc cllil,soid,
A S (~ dccrcwm  furt], cr tl]is mm veloci ty sIIIfacc  CXl,:IIId S atld, dc]]c]ldillg  o] I tlIc ]~ara]l]etcrs  of tlIc
clli]m)id, \vill cvcIIt Il:Illy itltcmcct  atId llIcl I surround  tlIc clli])soid  i t s e l f ,  ]cavillg s}~ace l)ctl~ccll  tllc

xcro vclocit,y  surface aIId  tlIc surface of tllc cllilmoid.  At this  ])oillt,  IIlotioll is allowal~le  ill (IIC sl).acc
al Iove tllc surface of tllc clli]w) id, aIId  SUCII IIlc)tioll  ca]lllc~t csca]~c  fro]]]  tllc vicitlit.y  of tile rlli]moid.

A s  I}cforc,  lIICIC is still a zcrc)-vc]ocity  sllrr~cc  wllicll  sc])aratcs  tile sl,acc IIcar  tllc clli]m,id frOIII  tllc
s])ncc  far fro]))  t,l Ie c]li])soid.  ‘I’l Ius t,llcrc is a l)alI(l  surrou))dillg  t,]lc c]li]]soid  w]lcrc  IIlot,ioll  is llc)t,
],ossil,lc,

A s  tlIc cllcrgy  illcrcascs  furtllcr, tllcsc tww surfaces wi l l  touclI  at tww syltllllctric  ]Joill[s  aloIIp,

tllc o.-~xis ‘J’llc location c~f tllcsr ],oillts lIIay lIC coIII]Iulcd lIy solving  tllc al.gcl)raic  cqllatio]l:

‘1’IICSC  ])oillts  corrcsl)olld  to relative cquilil,riutli ])oillts  ill tllc dy}lalllical  systcl]l  alId  are cal led tllc
sad(lle  cqllilil]rillltl ])oitll,s. ‘1’IIc val Ilc o f  cllcrgy  at t,llcsc ])oillts  is  dcIIot,cd l)y ~~$. l’or  C: dccrcasillp;

fro)ll  (~,, l)arliclcs lIIay tllcll t r a v e l  l)c(wcclI  t]Ic  sljticc Cl(,sc tc, t]lc  clli])s(,i(l  alId  t,l Ic sl~acc  far frc,lll
tllc elli],soid.

A s  tlIc cIIcIgy dccrcascs furt]lcr,  tltc  zcrwvclocity  s u r f a c e s  ])rojcctcd  ill tllc ~-~j ]Jlallc sllrillk
to two sylllltlctric  ])oillts  along  tlIc ?/ axis,  fc,ulld IIy solvi]lg  tllc algcl~raic  cquatio)l:

(/9(0,3 ?/.,O) = o (32)

J/. + o (33)
A = y:-]. (W)



Agiii]l,  tlIcsc  arc cqllilil, riu]rl  ~,oillts  aIId  are called  ilIc mlltcr  cquilil,  riulll ],oirlts.  ‘1’IIc  WIUC o f
cl Icrgy at tlIcw ~joill(s  i s  dc])otcd  I)y ~~c, k’or dwrcasill  F, [: tllc zcrxvclocity  surfaccx  tlIe II do IIot,

i n t e r s e c t  tlIc ~-?g  ]) I:IIIC aIId  oIIly exist it) t,llc ou-of-])la~lc  s~~acc.  As C,’ - , ()+ , tllc zcr(j-vc]ocity
s u r f a c e s  sllritlk alId  II IOVC  to t,]lc ])oillt,s r : (), ~y = 0, 2 = :t cm, where  tlIey disa])])car  wlIr]I (.’ = ( ) .

Y

l~igurc 1: 2krc~-\~clocity  (;urvcs  for a ‘J’li-Axial  lllli]xoid

Notlc that  tllcsc  z e r o - v e l o c i t y  stlrfiicw otlly IIav( ]))actical a])])licatic,li W]ICII OJIr colisi(lcrs

dircc(  <)rl)its al)out, tllc clli])soid  ill illcrt ial sl)ace. l{etrogradc  orl)its  (ill itlcriial s])acc) .gctlcral]y
lIavc  ‘1’ > > 0  wit]l res],cct  tllc tllc rwtatiltg fIaIIIC,  aIId llIIls lIavc  C; < 0 . ‘1’lIus, w]lilc retrograde
orl)its oftcl)  ]]rovc  to I)c q u i t e  stal)lc,  tllcir cIIrrgy is SIICl I tl]at tllerc is IIo zcrovclocity  l)arricr
I)ct}vccll  tlICIII  alId  tl)c  clli]woid. ‘1’llis ])oillts  (0 dcficir]lcics  ill using  IIill stal, ility as a Cx)ltl],lcte
cl};lracteriz:iti(]ll  of stal)ility of ]Ilotic)ll.

3 . 2  llill-St,abilit,y }lac]ius

A  uscfu] a],),licatioli  of tllc mlrrgy illtcgral  is to dctcrjlli)lc  tile ttlaxirt)ultl radius  at wllicl)  a
IIolllitlally circular cml]it lIas al I c]lcrgy equal (0 or ICSS tlifitl tile  value of c]lcrgy fit tl]c  saddle
eqllilil)riulll ]]c)i]lk. ltlsidc  of this  radil]s  IIill stal)ilily ]IIfiy  tic) lo]lger  exists  alId llIus  it is ])ossil,lc
for tllc initially circular orl]it  to cvclItrlally  crash o]lto  tllc surface of tllc clli]m~id,  outside of this
radills IIill stal)ility e x i s t s  a]Icl  ])rovidcs  a ~,uaralltcr  that tl]c  ])ar[iclc will  IIcvcr  COIIIC witllill tlIc
mro veloci ty  CUIVCS  surroulldi]lg  tllc clli]mid.  ‘I’l Ic ctlcrg,y val IIc at tllc saddle cqui]il)riulll  ])oitlt
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(will] saddle cquilil,riull, ],oilltl  ]ocatioll  ?,) is:

(’ = h: - ($\/(?’,,(),()),,!
2

(35)

‘J’llc radius at wllicll aII i]litially c i r c u l a r  orl)it has all cIIcrgy  cqIIal  to tlIc  e]lcrgy (;., dcIIotd as 7“,
lIIllsl l)c solved for frc)l[l  tllc cquatio]l:

v )
?

1,* 2 1 fs
(’ =, .,

il ‘> ;“-7”  -
AV((),  ?“, o) (36)

‘J’llis i s  a IIoll-lillcar cquatiol)  alId  IIILIS1 I,e solved f o r  IIlllllcrically.  Nol,c  t,llat t,f)c ]Jc,t,crltial  i s

cvalIIatcd a]otlg tllc ~/-axis as tflis giws tlIc IIlaxitl]ut[l  radius at lvllicll aII itlitially “ c i r c u l a r ) ’  orl)it

IOSCS ils IIill stal)ility. A l s o  IIotc tlIat tlIc itlit,ial v e l o c i t y  i s  IIlc,difiml to I)c IIc,)l-(lit[lcllsic,l[al  and is

cvalllatd  irl tllc rot,  atillg coordillat,c fralllc. ‘1’lic valllc  of r“ is givcll  for soIIIc  s]lcc.ific astcroi[l-like

c]li]woids  ill tfIc  a])])clldix.

4 Equilibrium I’Ointls and Their Strahility

III studyitlg  d i r e c t  orl)its ,aI)out,  all cllilmoid ill all i)lcrlifil fralllc,  it is of irltcrcst to fii)d  c i r c u l a r ,
syllcllro)lc)us  orl~it,s,  III t,]lc rotali)lg  rcfcrcllcc  fralllc, tlIcsr sy]lcliro]lous  orl)it,s  arc Cquili])riultl

]Joillts o f  tflc cquatiol)s  of IIlotiol).  l?or  cllilmids o f  rcvo]utioll al, out tlIc cqliat,or  (o : /5’), tflcrc arc

all infinity  o f  SUCII ]Ioillts. lror a gctlcral tri-axial cllilmoid,  l}ICIC are at ]JIOSL  four SUC}I  ]Joi]lts

exterior kI t,l Ic l)ody.
I t  i s  a l s o  c)f illtcrcs(  to coltl],ut,c l,IIc st,fil,ility  of tllmr syllcllroltous  orl,its.  (Jlassical  rcwllll,s

f o r  (Jrl]its al)ollt  ])lallc+lific cl]i]moids rcvca] lllat t w o  o f  tllcsc syllcllrollous  orl)ik arc utIs~al)lc  aIId

tlvo Hlc Stal,lc  (cite). VVIIct  I illvestigatitlg  astcroii  or colllct-like clli},soids,  tlIcsc  results arc IIOt

IIcccssarily  t r u e .  It tllcll lIrcol IIcs ])ossil]]c for  all follr sylicllro]lous  orl~its to IJC UIIsl, al)]C.  ‘J’]lis

rmuli, IIas illl]~licatiolls f o r  sa{cllik dyllaltlics al Iollt  alI as(cmi(l,

Algcl)raically,  tflc  cquilil)ri~llll  ]~oi][ts  arc found  l~y filldillg a l l  solutio]ls  to tllc cqllatio)ls:

Ur($o, f/o,20)  =  ( ) (37)

/19($  ’., ?/.,20) = o
U2(X0, !/020) = 0.

(38)

(3(1)

l’rol[l cquatioll (13) ,  U, : 0 if alId  olIly if 2 : 0 .  ‘1’1111s  tltc  }~rol]letll lIIay I)c rcducd to  filldillg all
solut, iol)s of:

[ J3(5 ‘k’
2’,, 1- - --

dll

12 ~ (1 -1 ‘I)) A(’7))  ‘
o

[ 1

36 “
y o  l - -

(171

1~ . A @ -1 v)A(v) ‘ 0

( 4 0 )

(41)

%(~’o, ?h, o;~) = 0. (42)

S(,]lll,iolls  to t,]lcsc  cquatiolls arc discussed ill t,llc fc]]lo}villg,  slll)scctioIls. ‘1’IIc  so]utioll  Y = y : ( ) ,  at

tllc cctltcr  of tlIc clli])soid,  is lIot discussd.
‘1’IIc st,al]ilit,y  of t,lIesc cquilil)riurl]  ],oillis  is also al I itc]ll of illtcrcst, as tlIc l)llzIsc  slIacc

surrounding t,l}mc  ]Joillt,s lIIay I)c cllaract,erizcd  olIcc t,llcir stal)ilit,y  l~ro])crtics  are lil Iowl I. ‘I’l Ic
stal)ilit,y  of IIlot,iol)  ill tflc  v ic in i ty  of  t,flcw ])oillt,s is itlfcrrcd  froll)  d study of tllc solutio]ls  to t,l Ic

variatiotlal  cquatiotls  cx])alIdd al)out  tllcsc ]~oillts. Using SUCII al]  analysis  (I{rouwcr  a]ld

(~lcltlcllcc, 1961,  (~llfi])tcr  X), tllc cc]]lditiolls for tllc cquilil)riutll  ])oitlts  to l)c stal)lc  a r c :

UT., IC, UYJ(,  > 0 (43)

4- Urlo - Uyylo > () (44)

( 4  -  U,jlo  -  U1,YIO)2 -  4u,..,louuglo  >  0 . (4b)



‘1’IIc c,llt-of-],]a]lc  oscil]atioIIs  al)out t,llesc Cquilil)rilllll  ])oill(s  arc slfil)lc,  as call l,c noted  si]lcc tllc

])ot,olt, jiil” (1 is COIIVCX  ill t,]lr varial~le  z fil~ol]t cacl I ~)oi]]t,.
If all tllc s(aljility conditions arc satisfid,  flle]l  tllc  rmulti]lg Iilotioll is a llarltlol}ic  oscillation

all[)l]t,  t,]lr cqllilil)rilll)l ]]oill  t,, ‘1’llis oscillation Ilas two  flllldalllclltal frcqucl)cies  associated }vitll  it.

l’kicll frcqucllcy  dcscril)cs  a lil)ratio]l of tllc I]articlc  t r a j e c t o r y  al)out  tllc cquilil)riulll ])oitlt.
If  stal~ility  cc,llclitiotl  (43) is violatd,  tlIctI cc,llditioll (4b) is s a t  isficd aIId 111( rcsultirlp, IIlotic)ll

ill tllc vicitlity  c)f tllc cquilibriu])l  j)oill( consists  of a stal)lc  and Iltlstal)lc IIy}]crbolic  ltlaI[ifold alId a

IIar]llo]lic  oscillatio]l,  SIIould  condition  (44) l)c violated also, a sittiilar result, a])])]ics.
If s[al)ility condition (45) is violated, tllcll coltditi(,ll  (43) is satisfied. ‘1’licll tllc rcsultill.g

IIlolioll ill tllc v ic ini ty  of tlIc cqllilil)riultl ]Joillt  consists of a stal)lc  a]ld IIllstal)lc  s]~iral, i.e.  consists

o f  a IIy])crllolic ]Ilotioll ]Ilulti])licd I)y a rotatio I1. III this case, all itlotiol) will ill gctlcral  sl)iral  away

froltl  tllc quilil)riu]ll ])oirlt,.
Now  tllc ])osit,  ion and stal~ili{y  of cacll of tllc cquilil)ri(ttll  ]loi]lts  is irlvcstigatcd  itl trirtl.

4 . 1  Saddle l~kjui]ibrium l]oinl,s

l’irsl collsidcr  tllc solut)ioll wllc]l  00 + O atld yO : (). Not,c  t,llat, 0:0 l ies a]o]lg  tllc lollgcsl  axis  of tl]c

c]li]]soid.  ‘J’l Ic cqllatiot)  to SOIVC ill t,]lis case, rcdllccs  to:

(4(i)

(47)

Note that tllc sollltiol) A ~, and IIc]lcc  0’0 also, IIla<y 1)(’ Cx]ll’cssm I  I,y a trallscc)ldclltal  cquatioll

i]lvolvitlg  clli~)tic  futlcliolls.  WC do IIot  usc this ])ro])crty  cxl~licitly,  I)ut itlstcad  solve cquatiol)  ( 4 6 ) ,
wllell IIcccssary,  using  tllc illl]]licit fuilctio)l  tllcorclll  al]d New, toti itcratic)ll. (;all tllesc  tile s a d d l e
cquilil)rilllll ]~oillts,  f o r  rcasolls  w]lic.11 w i l l  lIccoIIIe  ol)vious,  aIId dcIIotc  tllcir coc)rdi]latm  l)y d 1$
all(l  ?/s = ().

11 is itltcrcsli]lg  to l,c,tc”tl, at tlIcsc Cquilil)rilllll  I,oi)lts arc 1101 guaralltccd to exist .  lf tllc
i]lcqllality

is  v io la ted,  tlIctI  (IIC saddle  m]uilil)riulll  ])oitlts  do IIot, exist,, citllcr illtcrior  01 cxkrior  to tllc

clli])soid.  Nc~tc tllc f o l l o w i n g  itlcquality and  idc)}tity,

(48)

(49)

‘1’llis illl]~lics  that a IIcccssary  colldilioll  for  tllc illcqllality to l~c viol  fitcd,  and for tllc s a d d l e  ],(,itlts
to IIot, exist, is A < 1,

SIIotIlcl illcqllalit,y (48) IJC vic,latc(l,  lIICII  it i s  itllagillcd  that tllc c]li])soid wollld not I)c

])llysic~lly  Stal)lc  as a ]Iarticlc ]Ilacd al tllc clId of tllc  clli])soid  ( a t  T = :1 (k) would  fly d’ dIIC to
c(,l)tri]~ctal  accclcratiotl. otllcrlvisc  tl)c l~ody  ]IIust IIavc all illlcrlia I collcwivc  force  ill addi(ic,l)  to

gravity.
‘Jo Collll)utc  tllc stal)ility c,f tllc sfiddlc  ])oitlls,  sul~sl,itlltc  tllc v a l u e s  0, and ~/, itltc) t,lle t,]lc

swo]ld  ]~art,ial  derivatives .aIld sillll)lify to fttld:



(;ivctI lllat /3 < 1, tlICII (Iyu[. <0 ,  as call I,c illfcrrtd froth  cqualioll  (4[;). 11 is  a lso c]car that

l~,.rl., > (). ‘1’l)us stal,  ility condition  (43) is clearly violakd Ivllilc cotlditio]l  (45) is satisfid.  ‘1’IIc
st, at, (ls of co]]ditio])  (44) is IIot as clear. ]Iul,  this s[al)ility condition  dots ]101 clIalIgc  tllc l)asir
illslal~ility  ty])c  of tllc saddle ])oitlk, wlliclk is IIy])crl]olic, ‘J’III]s, ally satellite ]Ilaccd  at or tlear

llIcsc  ]]oitlts  w i l l  IJC i]lflucllcd ]I)c)stly l)y (IIC IIyl)crl)olic s(,al)lc aIId  utIs(,al)lc  IIlnliifo]ds, all{] its
gcllcral  IIlotioll will I)c 10 dc],art frolt]  tllc vicinity of tlie l,oitlt,. Also, it is ])ossil)lr  to CI]OOSC  initial
conditions  ill tllc IIriglll)orllood  cf tllc s a d d l e  ]~c)ir[ts  to fitld  I)rriodir orl)its  (all]rit  uilstal~lc).  N o t e
t]lat tl]c  snddlc  cquilil)riu)ll  ]]oillts are silllilar to tlIc 1,1, IZZ atId l,:+ equilil)riultl  ],oi]lt,s ill tl)c
r e s t r i c t e d  tllrcc-l)ody  ]JW1)lCIII (Moultotl,  1914,  (;llal)tcr VIII).

A S  scctI ill Section  31 tllc saddlr ])oillts  tire tllc l,oIIt  IdHry ],c,il[ts l,dwcml  rcg,i(,lts d allowal)]c

IIlotioll c l o s e  to a]lcl  far frolll  tllc clli])soid.  ‘J’lllis, ]Ilotioll  starting  CIOSC  to lIICSC ]Joilltls Jvill ill

gCIICI’fIl  cit]lrr ])(’ tra])])d  ]IciIr  tl]e  e]li]mid o r  tral,])cd away  froltl t,]lc c]]il)sc,i{], Allc~t,l[(r ~%,ay  ~,f
st, at, illg t]lis  is to IIc)t,r  t,llat OIIC ])air  Of cac]l  of tllc ~~oillt’s slfil)lr aIId  llrlst,al)lc  IIlal]ifo]ds lies close to

tllc clli]]soid  w]lilc tllc ot]lcr  ]]air lies away  frolll  tlIc  clli])soid,  ‘1’llus, wllc]l  ])assillg  c l o s e  to tllcsc

],oil)ts  ill ])llasc s},acc, tl]c  filial Illotioll o f  a satcllilc  w i l l  I)c clc,sc to or fdr frol]]  tllc cllil,soid
dc])clldillp;  u])oll  wllicll I)air of ltlnllifolds  (IIC satellite is ill flucllcd I)y.

4.2 Cenkw Equilibrium l’ointls

Ncxl collsidcr  tl)c  solutiolt  for  70: (1 and !/O + (). l{NRII tll:lt tllc yO axis l ies aloIIg tlic
illtcrlllrdiatc  siw lcngtll o f  tllc elli]woid. ‘1’l]c qualio]ls  to SOIVC  foI tl!is  rasc IYXIUCC to :

1=
[

M w [111

‘2 \ ~,, -@ -1 V) A(l))
(5’2)

A,, : Jj; - [1~’ (93)

Agfiill,  tllc solutiol]  for  AO aIId  yO ]tlay  I)c cx])rcsscd I)y a trallsccl]dcl)tal cqua{iol)  illvolvirlg  cllil)tic
futlctiolls,  (;all t,llcsc eqllilil,rili]l] ])c)il)ts  t,llc cc)ltcr  cqllilil,rillill l,oillts. ‘1’llcir coordillatm  arc
(1(’llokd  as O’c  = ( )  all[l  3 yc. ‘1’llry nrc iltl]]ortallt  for cllaractcrizitlg  tllc asteroid with rcs],cct to
satcllit,c  IIlotioll.

Sittlilar  to tlIe s a d d l e  ])oitlts,  {IICW arc cases  WIIC]I tlIcsc cqllilil,riuttl }Ioillt,s do IIot, mist. A

IIccrssary  condition  for  tllcsc  ]~oillk  to IIot, exist  is that ttlc  s a d d l e  ]Joillts ]Iot  exist.  lVc  aSSIIIIIC ill
gc]leral  that tllmc cquilil,riult]  l~oil]ts exist  ill tllr elli]moids  ulldcr cotlsidcrfitioll.

‘1’0 coltl])utc  tllc stal)ility of tlIcse  ]Ioillts, sulmtitl]lc  tllc values o ‘C atld yC itltc~ tllc tlIc sccoIId
],artial drrivativcs  and sitll])lify  tc, filial:

(;ive]l  that ,/3 < 1, tllcll [ITJC > (), as illfcrrcd  frolt]  cqualioll  (L2).  It is also clear that
[JYJ, > (). ‘1’l,{ls stal]ility col, ditlioll  (43) is clearly  satisficxl.  ‘J’llc  statrls  of collclitiolls  (44) a], d (45)
ZIre Ilot as clear]  and JIIay o r  ]IIay not  I)c satisrld, de]lclldillg otl tllc ]~aratllctcrs  o f  tltr elli]moid:

~,P1-Y.
A  f c w  IIotcs  ]IIay I)e TIIadC cotlccr)litlg  tile order  ill wllicll collditio)ls (44) a]ld  (45) ]tlay  bc

violakd.  Assut IIc t,llat tllc ]Jaralllctcr  /i is f i x e d  aIId  that  tllc ]Jaraltlctcrs  ,(? aIId  y will  I)c dccrcmscd
fro],  ] ,F~ = y : 1  (kcc],illg ~ < /7), tlllls dcforltlillg  a sl,llcrc  it)to  al, c]li]moid,  ‘J’fikillg cquatiolls (54)
al]d (5L) 10 tllc lill]it  for  a S])]ICW  yic]ds
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lJIIdcI  tf]csc litl]its,  l)c)tl]  conditiol)  (44) aIId  (45) arc  satisfied. (;ivc]l this, aIId ttlat co]lditio)l  (43)
is  satis(icd,  it is rvidc]]t llIat co]ldilioll (4[)’)  ]IIust  IIC violatd l)cforc  cottdiliotl  (44)  IIIay  lIC violakd
wlIct I drfor]tlillg a sl)lIcIc  itlto  a gc]Icral  cllilmoid.  ‘J’IIIIs, as a l)ody  is  ]Irogrcssively  dcfontlcd  fro]l)  a
s]j]lerc,  il is stal~ility  cc)lldit,ioll ( 4 5 )  t,]lat, dclillcat, cs llcIwI(clI  wllet,flcr  t,l Ic cc]lt, cr ]Joitlt,s arc stal~lc c]r
ulIstal)lc.  If co]lditio]l  (44) lJcco]IIcs  violatd sulmquct  Itly, it will IIot IIavc as large  a q u a l i t a t i v e
cfl’cct as it wi l l  oIIly  ]Jcrtaitl  io lIIC oric]]tatio]l  c]f tlIc  s(al)lc  fil Id uIIslal)lc ~t]allifolds  of tllc  ccIltcr
])oi]lts  aIId will ]101 affect tlIe  i)lshl)ili[y ty})c.

l“c]r clli]moids  wllcrc  all tlIc slal)ility conditions  arc Satis[icd, tllc cclltcr  ])oillts arc stal)lc  ill
lIIC  sc]Isc tfIat Itlotlio]ls  slartcd  IICaI  tlIc]Ji w i l l  oscillak al)outl tlIc  cc]itcr ])oit]tj il]dcfillitcly. l“or
cllilmoids  wllcrc  t,llc stal)ility colldiiioll  is not  sat isf ied,  t,llc cerlter  ]~oitlls l)ccolIIc  col))]]lcx  ullstal)lc,

‘l’llct],  alIy IIloiioll s(arlcd IIcar tllc cc)ltcr  ]]oitlt will si,iral  away fro]ll or  towards tl[c  cclltcr  ],oi]lt.
As tllcrc  arc 110 isolatitlg  zero- vclocit,y surfaces associahl  \vit,ll t,lIe cc]lter ],oitlts,  tlIc  fiIIal ]Ilot,io]l
w i l l  lIe to citllcr fall o]lto  tllc clli}mid or cscaj)c fro]ll tflc  cllil)soid.

Wllctl)cr tile cclltcr  ])oi]lts  arc stal,lc  or Iittstal,]c  IIas a l a r g e  i]lflllet[cc  olI tllc stal)ility o f
Il[:(r-sy]lcllrc)]lc)l]s  orl)it,s al JoIIt tile clli]wid. WIICII  lIIC  cctllcr  ]]oi]lts  arc stal)lc,  Itlotioll starkd ill
lIcar  syllcllro]lous  orl)its  tclld  to rclllaill l)ou IIdcd away fro]II  tllc  elli]moid,  as tllc  regio]l o f  regular
cl]rvcs ill ])lIasc s])acc IIcar  tfIc ce]ltcr ])oillts  ]IIalics  ]Jassagc tllrougll tflrsc  curws to tlIc s u r f a c e  o f
tfIc  clli]w,id diflicul(. I t  is  ]Iotcd ill ]mssi]ig tl]at ]lcar-circul~lr  orl]it,s al)out  clli],sc,ids witf]  stal)lc
cctlicr  ]~oi]lts SCCIII to I)c wll l)cl Iavd it] gc]lcral,  wit]l aIIy  itw(al)ilitirs ac(itlg  ill lo]lgitr]dc  oIIly.

‘1’lIc  sal IIc calItIot  I)c s a i d  wllcl) tllc cctltcr ])oil)ts arc ullslnl)lc,  N o w  tfle ])llase  s])acc  arout)d

tllc cclltcr ]Jc~i]lts i s  i]lflllctlccd  l~y tlIc II IIstal)lc  sl)iral  IIla]lifolds. ‘1’tlc gc]lcric lllc,tioIl  under  tfIc
illflurllcc  of (JIICSC lnallifo]ds is to s])iral  a w a y  fro]]] tllc  cclltcr  })oillt, It is itll])oriallt  to IIote that

tllc sl)iral  tlIc satcllik  will f o l l o w  tPIId S 10 act ill I,ot]l tlIr fi]lgular  aIId radial dircctio]ls,  ‘I’l Ic
gclleric  ]Ilotioll of a satrllitc alo]Ig  tlIcsc utlstal)lc  ]Ila]lifolds  scc]JIs  to either  crash  into  tl]c clli}m,id
o r  t o  sufl’cr rr])rwtcd  C1OSC  a]~l)roacllcw  to it. I)L]c to tllc (Iislortcd slla])c  of tllc cllil]soid, tflcsc C1OSC
a])])roaclles  IIlay c a u s e  tl[c  sakllik to g,aill IIy])crl)o]ic  sl~ccds  a]ld rxca])c  t,llc clli])soid,  ]f t,]lc

II]otioll  is colltilllid tllrougl) crasllcs witt)  tlic clli]xoid tllc gct[cric  fi]lal  IIlotioll associated wi th tlic
Illlstal)lc  lllallifold i s  a dc])art,~lrc frolll  tllc J,iciliily of tllc clli])soid.  ‘l’lllls,  II<,nr-sy]lcllrc)]lc][]s  orl)its
211)0111 elli]m) ids wi th  lllIst,al)lc  cclltcr  ])oillts  cal I I)c cllaractcriy,  ccl as l~citlg u]lst, al)lc  ill gcileral. It, is
Ilot Iltlcollt))loll  to olmrvc a IIcar-syltcllrc]llc]lls,  IIcar  c i rcular  orl)it  crash onto  all clli]mid  (}vitfl
Illlstal)le  ccllter  ]Joillts)  }vitllitl n ltlattrr  of days,

111 this  ]Ja])cr  clli]moids  wit])  stal)lc  cclltcr  cqllilil)rililll I,c,illts  arc c a l l e d  ‘J’yl)c ] Clli],soids,

wllilc  those wi th  Iltlslal)le  center  cquilil)riultl  ]]oi Jlts arc called  ‘1’yl)c II cllilmids. 1( is Cvidcllt  t h a t
tllc crasllitlp; ])rol~lelt) associakd wit,]]  ‘J’yl)e 11 clli]moids  is rclfil,cd 10 Ilcar syllcllrollous  IIlc,tioll

al)ollt  tllc cl]i]moid.  ‘1’1)(1s,  wllr-tl orl]itiilg al)ollt  a ‘J’yl)c 11 Clli]w]id,  it is i[l g,crlcral  I]cst to a v o i d
IIcar  syllcllro)lolls  orl)its. (;ol]vcrscly,  it wi l l  I)c ulllikcly  to find orl~it,  i]lg  dcl)ris  i]) J[car-syllcllrc)llc)lls
orl]it,s al)out, ‘1’y])c 11 clli])soids.

5 C o m p u t i n g  E l l i p s o i d  ‘J’y])c

11 is of il,tcrcs~ to cl, aractcrim  wl)cll  al, clli}w)id  is of ‘J’y],c 1 (stal)lc cclltcr  ],oillts)  and wllcl]  it is

o f  ‘1’yl)c II (ul[stal]lc  cm)tcr  ])oiilt,s).  III gcllcral,  th is  cllaractrrizatioll is a fullctiol]  of tllc tllrcc
lmralilclcrs:  /7, ~, 6. {;ivcll  tllcsc  lIII]III)CIS  for  ally clli]woid, it is ],ossil,le  to colll]~utc  stal,ility
condition  (4!j) al]d clIcck wllicll  c a t e g o r y  t,f]c rlli]moid falls irlto,  ‘J’llis condition  JII:iy I)c rc])rcscllt,d
as a t,}vc)-(lilll(:]lsic)rlal  s u r f a c e  ill t,l Ic t,llrcc-(lilllctlsio]lal  s])ace /f, ~, b. l“igurc  (2) ])rcscllts a
])r(,jccl,io]l  of this  surface o]lt,o t,lle /3 X b ])lat  Ic for values  of ~ = (), /?/2, (;. (;ivctl  sI,ecific  values c,f
/7, y alId  i, tflc  clli]w,id is of ‘J’yl,c 11 if it lies I,c,,catl) tllc a],}, ro]~riatc  curve  ill figure (2). l’i,,ally

olwrvc  that tllr curves d o  Jlotj cxtclld all tllc }vay to ~j = 1 ,  ]’or y : ~, the curve  stc)l~s at :1 valllc
of f~ w ().928. l’or  ~ < P tllc curve  sto])s at  al I itlcrcasitlg  value.  111 gctlcral,  for all P greater  tlIa II

tllcsc wrlucs at tllc ctld of tllc cllrvc,  tllc cllilw]id call o]lly  I)c of ‘J’y])c 1. ‘J’llis is i]ltuitivc]y cvidctlt
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a s  ally  ol)]atc cl]i])sojd  (,/? = ] ) is dcftllil,cly  c)f ‘1’y])c 1 illdc])clldcllt,  of ~, and IIellcc  tflcrc

$;~ll~ral 1)~ a slllall irlt~rval  l~ss tllall F: 1 Wllcrc  tllc ‘I’y Iw 1 IJN)I)CIIY  i s  IIlailltaillcd.
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Note t h a t  a suflic.icnt  colldilioll  for  al) cllil,soid  wit])  ],aratllctcrs /?, y atId 6 to I)c c~f ‘J’y],c I I

i s  tflat tllc corrm])olldillg  clli]woid w i t h  y = [j, wit]) A IIcld  cc)llstallt,  I)c o f  ‘1’y])c  I I ,  ‘1’llis  result i s

al)]]armlt  fro]]]  fi,gum ( 2 ) .  ‘1’llis suflicic]lcy  co]lditio])  sirl]})lifics  t,flc co]tl])ut,atio][  as t,f Ie two
dilllc]lsiollal  surface  ill tflc  tflrec  diltlcttsic]llal  s])acc is ]IOW colla]Md illt,o a C)IIC dittlcllsio]lal  s u r f a c e
(a li],c) i], tl,c two  dil)]e]lsiollal  s},acc  fi, fi. ‘1’I,c clli],soid  i s ,  i,, tflis  case, al I clli]]soid  of rcvolutic)l[.

it is a ])rolat,c  clli])sc)id witfl its axis  of rotatio]l  ],cr}jclldicular  to tllc axis  of syltlillctry, si]tlilar  to a
cigar  lying 011 a tal)lc wit]}  its r o t a t i o n  a x i s  }~crl]rtldicular  to tllc tal)lc. ‘J’llcrc am  silll])lificatic~lis  to
tllc for]])  of tflc  stal)ility collditic,l]  fc,r  t,]lis c a s e ,

l~irst IIotlc tlIc foliowitlg r e s u l t s  f o r  tllc cclllcr  Cquilil]riultj  ],oillt, assutt}i]lg  tflat ~ = /? < 1 .
‘1’llmc r e s u l t s  are Colll],uted  llsillg tlIc l)ro])ertics  of tllc clli],tic  itlt,cgrals.

A d d i t i o n a l l y ,  it is IIOW ])ossil~lr to rcdllce  tllc clli])tic integrals  to quadraturcs ill ter]]ls  of krlowll

fullctio)ls. ‘I’l Ic cquatio]l  fro]!]  wl[icll  we so]vc for  A,- is still,  ]Iowcvcr,  trallscclldcl}t,a].
‘1’]IP colldit,ic)ll  for st,al)ilit.y  (cquatiotl (45) )  110}$,  Icdllccs  to:

sill).jcct to t,fic co]lstrai]lt

(61)

(62)
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Note that ~ is a fuilctioll of /(, o a]ld W2. ‘J’IIUS J wi l l  dccrcasr  if tlic ]Ilass (or  dc]lsity) of t,llc

clli]moid  dccreascs or if tlllc s ize  or rolatioll ratt i]lcrcascs. ‘1’llm’ Cflc’cts t(’lld  k) IIlak[  a ‘I’y J)c  1

clli]mid  itlto a ‘J’yl)c 11 r-lli]moid.
1]1 a ])rcvic,us pa],  rr ((;l)auvillcau ct al., 1993), LJrl)its  w e r e  irlvcs!igatcd  al)c)llt  R l)ody  will)

IIonllalizcd  slta])c  ])aralttctcrs  o = 1,/7  : 1/<1,  y = 1/2 alId  witt,  a vfiricty o f  6 ])aral,lctcrs,

fi : 129.76,  32.44,8,11,2.03 cc)rrcs],olldi]lg  to mtaiioll ])criods  of 40, 20, 10 and 5 IIours.  Note t]lat
tllcsc  ]Jfiraltlctcrs  arc dcfi IIcd usi]lg  out Ilota(,ioll. ‘J’llc dcllsily of tllc l)ody  was assuttlcd  to I)c
2.5 gclll-  :+. A S s t a t e d  ill that ]Ja]Jer,  t,llc elli])soicl with rot,aiioll  rates of401 20 aIId 10 ]Iours ]Ias
st, dl)lc cc))t,cr C(luilil)rillttl  ])oitlts  aIId i,lIlls arc ‘1’yl)c 1 clli]moids  a s  discussd  llcrc. \$’llcl  I tllc
rotation ])criod  i s  5 ]tours,  llowcvcr,  tl)c  ccl]tcr  Cqllilil)riuttl ])oillt,s arc utlstal)lc aIId  (IIUS tllc
clli]woid  is a ‘J’y])c 11 elli]]soid.  l“ro]]l  our  currct)t  analysis,  this  itldicatcs  a qualitlativc difl’krcllcc

l)clwccll  tl]c  lollgcr  I)criod  c]li]moids  alId tllc  slIorkr  ])cri(,d  (L ]Iour)  ellilwoid, ‘J’llc difl’cretlcc I)cillg
t]lat tllc s]lortcr  ])criod  cllilwoid w i l l  IIavc  scvcrc illstfiljility ill t]lc  vicillit,y  of  tllc syllcllrolious

orl)its, as was ]Iotcd  ill (~llauvitlcall ct al., 19{)3.  It is cxl)crtcd  tl)at tlIc  lo]lgm  ]~criod cllil)soids  w i l l
lIavc  rcgiolls  of (radially) stal~lc Il)otiol)  associated }vitll  llcar-sy])cllr(~llolls  orl~its.  I)IIc to diflkrc]lccs

ill ]Iarallletcr  sl)acc, tllc analysis  c a r r i e d  out, itl that ]Ja])rr does IIot a])l)ly  d i rect ly  to tllc rcsltlt,s
discussd IIcrc,  as that ])a]~cr  col)cctll  rated  lIIore oll s lowly  rot  atitlg as(croids,

6  Pwiodic Orbits

N(mJ our discussion] focuses 011 a fcw faltlilics  of ]]criodic  orl)its  cc)lll],utcd  for satellite IIlotioti  al)out
all clli])  sold.  ‘1’IICWC  r e s u l t s  arc fill IIutt)crical  atld arc col)l])utd for only  a fcw s])ccific clli]woid
slla]~cs nlld ]Iaralllclcrs. ‘1’wo  c.lasscw of }~lallar  ])criodic  orl,  its arc discussd,  c,]Ic d i r e c t  arid tllc
ot, ]lcr ret, rogradc  \vit,ll rcw])cct,  to illcrt, ial sljacc.  IIot,l} tllcsc falllilies  dcgcllcrat,  c itll,c) circlllar  or])its

as P,T -  ~ 1. II) cmtlputi]lg  tllc ],criodic orl,its, tllc fa]l)ilics arc eitllcr  tcr]i)i]latcd  OIICC  aII

illtersrclioll  witjll  tlIc clli]mid  occurs or wJIIclI tllc  colltillllcd colll])ut.atioll  of tllc fa]llily l)ccoJIIcs  too
(Ii fliclllt.

‘1’llcsc orl,its  all lic ill tl]c  clli],soid  rqllatorial l)lallc (2 : ()).  ‘J’IIc IIcar-circular  d i r e c t  a]]d
rc(<rogradc orl)itls IIavc two  distillcl syllllllctrics,  al)d tJIIll S l]avc a []llartcr-sy]t]lllctry it] tllc ]JlaTIc
(sill)ilar to IIill’s V a r i a t i o n  orl)it,  VVillttlcr,  1947,  (jl]a],tcr \~]). ‘1’],e fo]]c,w,i],g  ]~airs  of ]Joll],{l~ry
col}dil)iolls  arc used to cotll]]utc  tllcsc orl)its:

2’(/]) : 0

y(l]) = yl

;’(/1) = i’] (64)

~/(i]) = o

SIIould  ally orl)it, satisfy  l)ot,]l oftl)csc  I)oulldary  co)lditiotls,  tlicll t h a t  c,rl)itl tlayl)ccxtclt(lccl

illt,o a ]~criodic  orl)it,  syllllllrtric  al~outj I)otl)  tllc 2 and y axes.  III tile followirlg  IIutllrrical s t u d i e s  \vc
cl](msc  iwo I)asic cllil)soids  to illvcst,igate,  orlc IJENM1 ott tllc a s t e r o i d  Vmt,a,  wllicl)  ]IIay l~c c]assificd

as a ‘1’y])c 1 astm]id,  .aI)d tllc otllcr l,ascd o]) tllc a s t e r o i d  ];ros,  wliic]l  ltlay IJC classifid as a ‘1’y])c
11 asteroid, Not,cs arc also added 011 ]]criodic  orl)its  al)o~lt tllc  clli])soid  I)ascd o] I t,l[c asteroid lda,
wllicl)  ]Ilay 111s0 l~c classified as a ‘1’y]~c ]1 astcrc)i(l.

‘J’llcstal)ility cc]lll])lltatic  jllsc)ftl lc], cric)(lic orl)itsfc)llc,}~’}t,cll  cstal)lisllcd  ])roccdurcs  f o r

}Jla]lar ])cri(,dic  orl)i(ls (116110111 196h).  ‘1’llr actual  llletl]od usd i s  drscril,cd  ill Scllcmes,  1992,
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Scctiolls  6.9.2-6.9.4. ‘J’llcy illvo]vc  cc]lll])ulatioll of a characteristic qualltit,y C[ w]licll  IIlustsat,isfy
tlIc  cotlditiol]  I(II <  1 for tllc orl,it to hcstfil,]c. A  silllilar(l~lalltity  ]IIay IJC cort)})utcd  wllicll

dcscril)cs  lIIC out-o  f-])lalle slal)ility of ille orl)it.  l“ilcs colltailli]lg  tllc itlitial conditions for tlic
],criodic  orl)it,s arc avail  al,lcl)y NX]IICS( frolll tllc alll,llor,

Vcsta  ]llay I)c classifid as a ‘J’y})c 1 elli],soid,  Scc tlIc al~],clldix  f o r  a list  o f  tile ])llysical  l~ro},crties

o f  tllc askroid Vcs{<a.  ‘1’1111s, tllcrc arc tww s[al)]c  cquilil)rilllll IJoiilts  slid  t w o  oIIstal)lc cquilil~rillttl
])(,illts  surroutlditlg,  il. ‘1’llc  fo]lowi]lg colll],ut,atiolls  arc g;ivc)l  ill II(,rlllalizcd  units, ‘1’IIc lctlgtlls  arc

collvcrtd k) kilmttctcrs via llllllti]~lic:itio)l  i)y 265.  ‘I’l Ic utlslal~lc  s a d d l e  cqllilil)riurtl  ]~oi]lts arc

loctit(’d  al:

‘1’llc  stal)lc  cclltcr  Cquililjrillttt  ]Joitlts arc located at:

‘I’l Ic IIlillillllll)l c i r c u l a r  orl)il radills  to CIISUW IIill s[al)ili(y  against  crashing  c,llto lIIC clli]m]id i s

?’” = 2 . 2 6  ill IIor]l)aliml  unils.
‘1’l]ere arc two falltilics  of ],criodic orl,its a s s o c i a t e d  with cacl] cctlter cquilil)riulil  ])oitlt.

Ailalogous to tltc  ])crioclic  orl)it,s  assc)c-iatcd  with tllc t r i a n g l e  cquilil)riultl  ])oiltts ill  tllc r e s t r i c t e d
:{-l)ody l) IC)I)ICIII (ni(]ll]k)ll, 1 9 1 4 ,  (~lla])tcr  V]]]),  tllcsc  two ffilllilics lllay I,c distill guisllrd as a lo]lg
],cric~d  fatllily and a sl]ort  ])criod  faltlily. ‘1’llcrc is also a falllily c)f u]lsttil)lc  ]]criodic  c]rl]it,s
associakd wit,ll cacli saddle cquilil)riutll  ]loitll,. ‘J’llis fall)ily is related to tllc O]IC IIarlttollic
frcqorl)cy al)out tllc cqoilil)riulll ])oillt ill tllc Ii]lcar a])l,rc)xiltlatic,ll.

‘J’IIc faltlily  c,f r e t r o g r a d e  ],crio(lic  [)rl~its  is stal)lr  fc,r al l  2,,. N’otc  that l,IIc falllily  of [Iircct

orl)it,s at, \Jcst,a  is stal)lc  over  ]IIost of its rallgc,  cxcc])t for so]tlc s)tlall  rcgiolls  of ltlargirlal  stal)ili(y

or slllall itlstal~ility. ‘1’llis strcllglllclls  tllc asscrtio)w  of  lIIC ]]rcvious  scctiol[  rcg~rdillg ‘J’yj)c 1
clli])soids,  as it is clearly ])ossil]lc  for a sakllitc to follow a stfil}lc,  direct orl~it with altitudes CIOSC

10 tllc cllilwoid surface.
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11’igllrc (3) SIIOWS  llIC I)criodic  orl)ii falllilicx  as lillcs  ill tlIc  Io, ?y,,, (~ s])acc, \v}Icw  Jo is tlIc
illit ia]  coorclillatc  along tlIr l-axis, !/O i s  llIC coordiilalc along l,IIP ?/-axis wlirre  l,IIc orljit crosses
]J(rl)rll(licll]arly atld c,’ is tllc cIIcIgy  of t,llc orl)it  NoIe t,llfit tllc d i r e c t  orl)it  s]]lit,s fmll] aII
css(’]ltially  circular orl)it,  illt,o all orl]i(  with a  dcfillitc ])cria}]sis  a]ld a])oa])sis.  ‘1’]Ic I)criajmis o f  t,llc

CJri)it lies alol)g,  tllc ~/-axis, al]d crosses tl]is  axis  ]Jcrl)crl(liclllarly.  ~k)]iversely,  tllc d])oa]mis lies alo]lg

tllc t-axis and crosses this  axis ])crJJrll(liclllfirlJ.
l“rolt) tllc i]lforltla[ioll oll tllc I)lc)t  t}lc ])criodic  orl)it  tt]ay I)c c o n s t r u c t e d  a s  follmvs:  givcll  $.,

yO :  0  a]ld C7, ~jO  ]IIay l)c CO]II1)UM  l)y assulllillg  tll:lt ~0 : 0 .  ‘1’llis coltl])ldc]y  s],ccifics tllr illil ia]
col)ditiotls  for t,lle orl)it,,

l’igutc (4) sltows sa]t]]~lcs  of a direct  a]ld retrograde  ])criodir-  orl)it. N o t e  t}}at  IIotll  of the
}~criodic orl)it,s ill t,]lis l)lot, arc st,al)lc. A l s o  SI)OWII) are two  of tile cquilil)riu]]l  ])oil)ts.  N o t e  tl)at tile

saddle  aII(] cc]lt,cr orl)it,s aIId  ]Joi]lts lIavc  associaicd  )I)irror  i]t]tiges ]ocatcd  011 l,IIc ot,]lcr s ide of t,llr
ast,croid,  1101  slIow II ill tllr f igure ,

6,2 Fhws

‘I’l Ic cliil,soid  I,ascd oil tllc asteroid lhm is a ‘J’yl, c 11 clli])soid.  A ‘I’y],  r II clli]woid  l]as four
Illlslal)lc cquilil~riu)l]  ]~oiltts ill a utliforlllly rotaliltg rcfcrmlcr  fralllc.  ‘J’lle  ]~arattlrtrrs u s e d  for  tllc
cllilwoid Imscd 0]1 l’hws  arc listd it) tllr a]]])clldix. Note  that ,  for  collvc]lic]lcc,  tllc dctlsity  w a s
CIIOSC]I so that 1$ z 1 .  Nor~rlalizd units arc (Id f o r  tile followitlg cc)tlll)~ltatiolls.  ‘1’IIc lcr]g(tls  arc
cotlvcrtcd  (o kilo]  llct, ers via ]Ill]lti])licatic)]l I)y ’20. ‘I’l Ic s a d d l e  cquilil)riu]tl  ])oitlts  arc loc.atd at:

3’s = 41.1926 (69)

(’ :J .S 1.6965 (70)

‘1’IIc cmltcr  Cquilil)riu)ll  ])c,illts arc located at:

yc : 40.92680 (71)

(:C = 1,4’2333 (72)

‘I’l Ic IIlillilllulll circlllar  or])it rtrdius to cllsllrc  IIill stal)ility is ?’+ : 2 . 1 7  ill Ilorlllalized  u]lit,s. lror
lIICW  l)odics  tlIe cc]l(er  ~)oirlts II() lo]lger  gctlerfitc  ])criodic  or])its  itl tllcir v i c i n i t y .  ‘J’llis is due 10
tli[ local  lIalrlrc o f  tllc ])llasc SI)?ICC’ al~ollt  tllcse cqui]il)riultl  ]Joillts, as c l o s e d  c)rl)its  Callllol I)c

collst, rue. tcd III tllc lirlcar s ystclt] CIOSC to t,lle  uIIs{al)lc cclltcr  ]Joi]lts.

‘1’IIc ])rcsctltatio)l  of tllc dircc.t a]ld retrograde I,criodic or])it  f~ltlilics for tl)e  cllilmoid  l)ascd
c)]] ICros  arc slImvII  ill figilrc ( 5 ) .  ‘1’llc ddinit,iol]s  and illtcr])rctatic~lls  of tllcsc orl)iis  rmtlai]ls  as
l,cforc.  ‘J’llcre arc SOJIIC  diflcrctlccs  for  tllcsc  faltlilics,  ]Iowcvcr.  hlc,st iltl])ortallt,ly,  lLOIC that tile

dircrt orl)its I)ccolllc  UJISIZII)lC  at a distallcc  of 1 . 8 5  IIorll)alizcd  uf[itls fro]))  llIC ]o]l.g c]ld of tllc
clli]woid  ( a t  a radius  of 37 kill), and rc]llaills  so for (,IIc rc]llait]dcr  of  tllc falllily, cxcc])t  for  t,]Ir
stllall  rcg, ions w]lcrc  t,]lc falllily c u r v e  ])asscs t,]troll~li  all cxtrelt]ulll  wit]]  rcs]~cct, to tllc cllcrgy  ~~.

‘J’llis falls witllill  tllc hill stal, ility radius  of 2.17 Ilorlllalized  units, illl])lyillg that tile ullstal)]c
IIla)lifold  of tllr orl)ii,  Itlay il~terscct tllc clli~woidl  wllicll i t  dots  ill gcllcral, (k)l]vcrsely,  RS Illigllt I)c
cx})cctcd,  t,llc rctrc]gradc  c)rl)its arc stal)lr tllrougl  lout, tllc falllily, cvctl tllougll tllr-sc orl)it,  s IIcvc:r

IIavc  tllc h i l l  siallility. ‘1’1111s  rct,rogradc  orl,its  lIIay I)c collsidcrd ‘[safe” orl)its ill ~vllicll to fly close
10 such all asteroid. Note t,llc si)llilar  conclusion  arrival at ill (;llauvirlcau,  ct al., 1993.

Not  c)l)vious i]] figure (5) is that tllc lillc dcfiliillg  tlIe dircc(  falllily of ])criorlic  orl)it,s ill f igure
(5) tcrl])i]latcs  as a s],iral  i,, tllc (7., C:) ]JlaI,c a,,d  d o t s  ]Iot i]ttcrscct  tl)c  clli]moid.  ‘1’l,c stal,ility
1).aralticter  of t,llis fa)tlily l)ecoltlcs  arl~ilrarily  ]argc as tllc falllily is  cc)llti]llled  alo]lg  this  cui-vc.

III figure  (6 )  arc SOJIIC  s.a]ll},lcs  of ],criodic  orl,its al)out, tllc clli]woid  I,ascd 011 l~ros, III t,llis
])101 tllc d i rect  orl)it  is Ullstal)lc  wllilc  tlIc  rdrogradc orl,it is stal)lc.
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‘J’]IC Cllil)soid  l)asecl  C)II  t,fIc asteroid  lda i s  a ‘J’y]lc 11 cllilw(,id.  Agairl  a ‘1’y],r  II  clli]m,id l)tis fc,llr

uiistal)]c cquilil]riu]ll  ])oillts  iII a uliiforltlly rotalillg, rcf(,r(,llcc  fral]lc. ‘1’llc  ]Ial’alllctcrs  Used for tllc
cllij)soid  I)asd ml lda arc l i s t e d  ill lIIC a])]je]ldix.  ‘I’l  Ie d<)lsity  w a s  assutllcd  to I)r 3.5 gc]tl - ‘}. ‘1’IIc
IIor]tlalizd u]lik are usd for tflc followi)lg  cc]l])}j(ltatiolls.  ‘1’IIC lctlg(lls arc col Ivcrtcd  to Iiilo)llctc,rs

v i a  IIllllti])lica{ic)ll  l)y 28. ‘J’llc u[lstalllc  saddle  Cxluilil)riul[l  ]joitlts arc l o c a t e d  at:

3,, = :1 1.2105 (7:{)

(’ ~, ,, 1.7899 (74)

‘I’l IcuiIstal)lc  cclltcrc  (jllilil, rill]tl]  )c)itltsfir( l o c a t e d  at:

‘I’l Ic IIlitliltlltl llcirclllar (]rl)it, radius  toc IIsurc ]Iillstal)ility is 7- n 2,14  ill IIortl)alizcd  IItlits (: 59.9
lit II). ‘J’llis cslzll]lisllc’s  (IIC ]~ossil)ilityc )fstal~lc,  JIcar c i r c u l a r  (Jrl)its(,(tlsi(lcc)f  61 kill. Note  that a
sat,c]litc  of lda ]Ias I)ce]] discovered rccclltly (Marsdc]l, 1{)94).  ‘J’]lccstilllatcd  distaTlceoftllr
satellite froth  lda is 100 fil II.

‘1’][cdircct and r e t r o g r a d e  ]Jcriodic  c)rl)its] llay:ils(,l)c cc))lll,(]tccl  fc)rtl]ise  lli])soicl. ‘l’tIcy arc
,. . .

(Illalltatlvcly sll[illar tc) t,f Ie ffiltlilics  ]Jrcsc]lt,d for l,}ros, Note  that for lda !IIC direct
(lc)~ll)ly-sy]]llllclric  ])criodic  orl)i(s are stal)lc  for all 010 greater  1 .90 units (53.1  k(n). IIlsidc of t h i s

lilllit, tllcscc) rl)itsl,c colllclll lstalJlcitlg  cllcral. As for II;ros, tllcrctrc)p,raclcc lotil)ly-syll~~  tlctric
]]criodic  orllitls  arc st,al)lc forall 10.

IFi]lally  s(,]t]e sittl}~lr r e s u l t s  arc discllsscd lt,llicll  a],])ly  to salrllitc  IJjc,tic,ll tv]IcII  IIc)t C](,SC  t,cj

l(lk!-or(lcrrcsc)llallccs  (Ilalllclyllotat  a l o w  altitudcal[d  IIot closcto  a 1:1 rmollallcc wit])  tllc
aslctoid rotatiol)  rate). ‘I’]lis  sit, ~lat,ioll occurs W]ICII t,flc s a t e l l i t e  is far frolll t,flc elli]]soid  or is ill a

retrograde orl]it  al)out, tflc  clli])soid.  III tflc  firsl case tllc c]li]woid  will rotate I)clleatfl tflc
s]jacccraf(,  wit,ll a rclat, ivcly large  frcquc]lcy,  t,llus c)tlly Iligll-or(lcr  rcsollallces  wi l l  e x i s t ,  alId tlicir

st,rcllgt,fl will ])c IIlut,cd l)y l,]Ic ]firgcr  radil]s. 111 tllcsccolld case, tllcsatcllitet ravclsill tflco])])osi(c
Scllsc oftflcelli])soid  mtatioll, destroyitlg  rcs(,llallcm  ill ,c;ctlcral, III I)otfl  sitllatic,llst, llrcffccts c)f
lIIC cquatoria]  clli]]ticit,y  ii) t,llc gravitatiollfil ]Jotclltial  tclld  to a v e r a g e  to mm. ‘J’llislcavcs  tflc
tcrllls (Jfmro  orclcr as tile lt]ost, sigtlificatll  gravi tat ional  cflkcts  oll tflc  satellite. ‘J’llis, ill turli, is

equivalc]lt to tllc satdlitc  l)citlp, sul).jcct  to a tflc  f i e l d  o f  all ol)]atc  sl~llcroid.  ‘1’l]crc is a Wcallll  of
c l a s s i c a l  r e s u l t s  ]~cr(ail)itlg  tc] orl)its al)out all ol)latr sl~llcrc)id.  ,See l;rouwcr,  ]S)b{), (iarfillkrll  1{)5s

atId Kozai, 1959  for SOIIIC of tlIc sclllinal w o r k  I)crfortlld  o] I this ]Iroljlc]ll.

7.1 Major lIlffccis of an Oblatc Spheroid Model

‘1’IIc ]Jritllary  ]~crt,url)at,ioll relat,illg  to all ol)latr s]]llcroid  ]IIodcl arc tllc g r a v i t a t i o n a l  ll~rl]lollic
Cocllicirtl(s  of degree 2 and 4 and Of order  O, ~~~f, a)ld ~~~{}.  CJivct]  a collstatl{  drllsi{y tri-axial
clli]moid,  tflcwc ])aralllctcrs ]tlay  I)C cc)]tll)utcd as ((;crttlall and l’licdlalldcr. 1991 ; lIOlc tllc IIlissitlg

(77)

(78)



‘1’llc IIlajor cfl’cct of llICSC tcrltls is tf)r ],rcscllc.c  of s e c u l a r  IIlr,tiolis  it) tllc ]todc  aIId argllltlcrlt
of ]jcrifi])sis  of tllc satellite orl)it. II;x[)rcssiolls for  tf)csc scclllar  rates  call I,c found  ill l{ozfiil  1959;
cquat, ions (27) al]d (28). ‘J’llc  rc]llailli]ig cleIIIcl Its arc co]istnllt, (JII a v e r a g e , alifl[)ugll  all Clclllcllts
stlfl’cr s]lort,  ]Jcric]d  variat,  ions ~~,it,ft at,t,c]ldctlt,  IIoll-p,cro  )IIr HtIs,

‘J’l]csc  results  ]~rcdict  tflc  stal)ilily rcsulls  found  for  ttlc  direct  ])criodic  orl)its f a r  fro]t]  tlIc

elli]moid  a]ld f o r  t,flc rclrogradc  ])eriodic  orl)it,s al)out, tflc  clli])soid,  I’urtllcr, cortll~arisolls  ljctwcctl
analytic  forllllllac (Kozai, 1959)  aIId IIultlcrical  integrations  ofsatelli[c  orl,  ils fil,out  al, clli],soicl
snow ovcra]l  qlla]it,  at, ivc agrcc]l]ctlt  , should  t]lc  ])ro}]cr  assull)])tiolls  a])])ly.

7.2 Comparison bclwecIl Nulncrica] and Analytical Computation

III l’]ots  (7) - ({)),  ]Iodal  rcgrcssiol)  rates for circular orl]i(s  at l’~ros, \rcsta  atld lda arc })rcwIItcd.
l’hrl] ])101 colll],ares  IIultlerically  colll])ulcd sm-ular nodal  ra(cs  al)out  tf]c a s t e r o i d s  (I]lc)dcllcd  usi]lg
tllc a])]) ro])riatjc  tri-axial cl]i]moid)  with allalyticly dcrivd  secular  l)odal  rates using  Kw,ai’s tllcory

itlcorl)oratillg  tllc CZC, and  CJ40 g r a v i t a t i o n a l  corflicictll,s,  “agallI Corrc’sl)olldillg  to t,flc al]l)rolJriat,c
tri-axia] clli]mids. Scc IIrouwer,  1959,  for  a dcfi)litioll  of Kozai’s  g r a v i t y  cocflicicllts,  ‘1’IIc IIultlcrica]
cc)ltl]]lltatiml  was ])crforltld  I)y i)ltcgratillg  tllc a]]]] ro]]riate  orl)it  al)ollt,  tf}c tri-axial elliJ]sclid for 1
day and colll])util)g  (IIC ])rcccssio]l of tllc orl)it  angular IIlolllctltulll v e c t o r  cwcr tflat ])cric]d.

NO(C tllc good agrcclllclll  I, CIWCCI)  a]la]ytical  aIId  ]Iul]lcrical IcsIIlts for all re t rograde orl,  its
(i >  9 0 ) .  ‘1’lIr  orl)its at l;ros  and lda (a = 50 kltl,  c : (1 a]ld o : 100 fitll, c : (1 rcs})cctivcly)  I)otll
sIIOW, good agrccltlcllt,  l, f)rougout, tllr cltt, irc itlclititi(ioll  ral]gc.  ‘J’llis is a fullcl,  io]l c)f tflc  orl~i(,s  I)ci]lg
f:lr  (. IIC)IIF,]I fll)lll t,]lc ])c)d~ fc,l t]lc’ avcra~ill~  cfl”c~k to c~ist. N o t e  tllc ])oor  agrcmllcrlt  ill tllc Vcsta

c a s e  f o r  llcar-]~o]ar  aIId d i rect  orl)its.  ‘lllis is duc to a rcsollallcc  l,ctwccII  tflc  orl,it  a]lcl \Tcsia’s
rotation  rate .  ‘J’lic ]Icriod  of a LOO X 500  Iilli orl)itl  at \Tcsta is X 5.2 l~ours, w]lilc tl)c rotjatioll  ]]criod
c)f \7cst, a IS assl II IIcd t,c~ I)c 5.3 l]c)l]rs. ‘1’IIIIs, tllc ],rescl)cc c~f rcsollfillcc  i]lvaliclatcs  tllc a],]) lical)ility o f
tlIc  analytical forltlulacj as is ol)vious  frolll  iig, urc (8). Note that for tflc  results to I)c a])])lical)lc,

tllc orl]its ITlllst I)c st, al~lc it} scltli-lllajor a x i s ,  cccctl[ricit,y  a]ld itlclillatic~ll.  All or])its  ])lot(cd  lICIOW
satisfy l,flis st, al~ility,
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8 Conclusion

‘1’IIP  rcscarcl  I descril,d  ill lllis I,a],cr drfi  IIcs tlIc ])rol,lclll of  sate l l i te  allcl ]~firticle  dyllarllics zclIollt  a

tri-axial  clli]moid  ir]Id  a r r i v e s  at SC)IJIC elc]IIct I[ary results for th is  jjrolJlcJII. All ]lcccssary  forl[lulac
llcdml to colll]~utc  tllc forces for a satcllitr orl)i(itlg  a  tri-axifil clli])soid  IIave  l)rct I j)rmc]ltcd. ‘I’l Ir
]Jrol)lcltl  IIas I)ccll lt{)lt- (lilt  )cllsic~llalizc(l and sl)owll  to dc])clld  011 ol)ly  tlircc IIc,ll-(litrlcilsic)rlal
])aralllctcrs; two  Slla})c paralllctms  a]Id o]lc  ])araIJIctcr  rclatitlg, tllc ]IIass, s i z e  a]ld rmtal,ioll ratr of
tlIc c]li]moid,  Values  o f  tlIcw ])arartlctcrs  ]IIay I)c  ill fcrrcd  fro]tl  g,rolll)d l,ascd Itlcasureltlellts,

‘1’IIc XC](I. velocity s u r f a c e s  of a satcllilr ill c,rl)it al)c,  ut tl]c  clli]m,id tlavc I)ecll dditlcd and

dcscril)d,  ‘J’l Ic .aJ]])licatioll  of IIill silty to c i rcular  orl)i(s  was also discussd,  ill t,l]c co]ltcx[,  of a
p;(lftralltcr  agaills t collisio]l  with (IIC cl]i])soid.  All sy)IclIroIIous  circular orl]i~s al)out tl]e  cllil]soid

. .
arc folllld  as Wc]l  as (IIC COll(llt]olls  for  tllclr  Cxlstcll  (’e. ‘I’l Ic stal]ility of tllcsc syllcllrollous  circular
(Irl]i[,s is discllssccl al)d two  c]asscs of c]]ij)soids  arc dcfit Icd accord itlg to wllctller  ally of tllc

syt Icl Im]Jous orl)its  arc sLal)lc or ]Iot.  Sot IIc sj)ecific co]tl])lltatic~lls of ]Jcriodic  orl)it  falltilics for two

rc])rcsc]lt  ativc elli]moids,  lmscd o]l tllc a s t e r o i d s  \~csta and l;ros,  arc ]~rcsclltcd. Addition) ally, ]Iotcs

011 sldl)lc  and ulIsialJlc  orl]its al)outl tllc astcorid  ld.a t i r e  IIladc.
Al) illl}~orta)lt  itclll discussml ill this ])a]]cr  is tllc exis[,c]lcc of two ty], cs of ulliforlllly rc,t,atilig

clli]wmids,  calld IIcrcirl  as ‘J’yl)r  1 a]Id ‘1’y]~c  11 clli]~soids, Nrar-syllcllrc)llc)Lls  c~rl]ils al)out  a  ‘1’y])c I
clli]w~id  t,clid to be stal)lc  and w e l l  I)ellavd  ill a ,gIol)al sct Isc. (;o]lvcrscly,  llcar-syllcllrc)llc)lls  ori)il,s
al)ollt,  a ‘J’yl)c 11 clli]woid  tclld  to l)e utlst, al)lc  a]]d usual]y  crash  o]lto tl]c clli]) soid  o v e r  v e r y  stlort
ti,,,c sl,a,,s (c,I, tl,c order  o f  days ) .

‘I’l Ic disti]lctioll I]rtwrc]]  ‘1’yl)c  I a]ld ‘1’y])c  11 elli])soids  w a s  also IIip;llliglltcd  I,y tile stal)ility
of tllc direct,  ])criodic orl)it,  faltlily al)out, t,llc \~csta Imsccl  elli]m)id  a]ld tile illstal)ility o f  tllc direct

],criodic  orl)it  falllily al)out tllc ltros  l)asd clli],soid.  Noic that ill l~c)tll cases tllc r e t r o g r a d e
],criodic  orl]it, falllilics  were stal)lc.

l“itlally,  col]l]]ariso]l  lJCIWCCII siltl],lc a]lalytic  results for ol)]atc si,l]croids  are coltl],arcd  wi th
IIlltllcrical  resul ts .  (;ood agrcclllcllt call I)c foul]d  if tllc orl~i~cr  is ill a rctmgradc  orl]il or if lIIC

orllit is Su(licielltly  disldtlt  fro~tl  t,llc asteroid.

l’ollowillg  arc tal)lcs  ( 1 )  atid ( 2 )  givitlg tllc ~~llysical aIid  COIIII)UICCI ])ara]t]etcrs  of a fcw
ast croids  aIId  a colllct,, ‘J’l]e values of  tllcse  ])aralllctr-rs  arc a]~],roxitl]?ltc  a]ld arc IIot  IIcmssarily
I)asd 01] tllr I)est avdilal)]r  data.

‘J’al)lc (1) lists tllc I)asic },hysical  ditllcl]siolls  a]ld qual[t  itics associated with cacli I)ocly. Note
t h a t  all of tllcsc  quallti{ics  ]t, ay I)c IIlcasurcd  or it, fcrcd frol,l  groutld-lmscxl  ol,scrvatiolls,  ‘lhblc  (2)
colltfiitls  tllr - dcrivd qualltitim statd ill this  ]Ia])cr.  ‘1’IICSC  illcludc tllc ‘J’yl)c of  tllc clli]vmid  (1  or

11) ,  tllc defining  IIoll-(litllc]lsiolial  ]~aralllctcrs  fi, ~ al)d 6, tllc locatioll  of tllc saddle Cquilil)riuttl

])oilli  (08), tllc localiol[  of tile cclltcr  quilil)riulll ]Ioillt  (?/c) a]ld tllc IIlaxilllllill radius  at }vllicll
in i t ia l ly  c i rcular  orl)it,s arc JIot IIill stal~lc (v*). All Ic]lgtlls  ii) this  tal)lc arc ill IIorttlalizcd  units.
‘1’])c last two  clti])soids,  c a l l e d  Llca]l  1 al]d  McaII  2, w e r e  talicli frc)lll (;llauvi]lcal]  et al., 1993  alId

arc rc})rese]ltativc  o f  tl]c  clli]~sc~id studied  it] tl)at ])a]~cr.
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